PA Kinematics: The
Mathematics of Motion

2.1 Motion in One Dimension

1. Sketch position-versus-time graphs for the following motions. Include a numerical scale on
both axes with units that are reasonable for this motion. Some numerical information is given
in the problem, but for other quantities make reasonable estimates.

Note: A sketched graph simply means hand-drawn, rather than carefully measured and laid out
with a ruler. But a sketch should still be neat and as accurate as is feasible by hand. It also should
include labeled axes and, if appropriate, tick-marks and numerical scales along the axes.

a. A student walks to the bus stop, waits for the bus, then rides to campus. Assume that all the
motion is along a straight street.
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b. A student walks slowly to the bus stop, realizes he forgot his paper that is due, and quickly
walks home to get it.
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¢. The quarterback drops back 10 yards from the line of scrimmage, then throws a pass
20 yards to the tight end, who catches it and sprints 20 yards to the goal. Draw your graph
for the football. Think carefully about what the slopes of the lines should be.
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2. Interpret the following position-versus-time graphs by writing a very short “story” of what is
happening. Be creative! Have characters and situations! Simply saying that “a car moves
100 meters to the right” doesn’t qualify as a story. Your stories should make specific reference
to information you obtain from the graphs, such as distances moved or time elapsed.
a. Moving car PR e s interstate,
Ttwas &aT70 ' £ ot
| o i ot 60mph, T stopped «
x (1I"n|_> ﬂgw JI'|V“'5 gof" \Oﬂ‘-‘ r}
1| ‘.!. Ares o c_o""?-el-u UJN“I %d’bﬂ‘k s
204 ~ e 5 'lou-l!ee.'h’ ?;Ompl\b'{&
Construcon Fone 2or \Ownin, then :"P? N
g b - oa
e i g,\‘hrg\.r gor cnottar | Omin, F.-u-.tl-r , acle wp

c " » 0 @ ® c,rm'{;.‘.u\s 5'¢¢.&‘ g ¢aof o“' ot my e+ ZS'::;lu‘ ::::
home. At searching My poclects and car ":'C P
b. Sprinter T reblived Hat T (M wy wallet g.*-ho“ $0 sﬂ h‘
x (m) b‘\d"-‘ w.dk.ﬂ*' ths orce*f"“‘-“"'\ A"“Y‘f ﬂf? MP >
oy
‘:: With a slow stwt oot **'"‘b_l“'k'sr & ,;P(r«&
“"12. Sphiater reached top speedl in abont Ssecondks,

40

:{}—‘

having Qene on\., 30 meters. e sTill was able
4o Bnish Wis L00OM in oaly JasT over qs. \’Y

3 :I’.._..! ....4 (1, e é__!__}];i sy rhnn.‘ n3 R u“_‘A ﬂ‘.og ?“‘e’ %rm ﬂ"l‘ 0‘?‘“&
toace.
¢. Submarine
T e We made « slow dar to 200m as we entered

n_\_/_\ L+ t(min) entwmy -lcrr',hr’/. Adter Crasing for |0 miawite,
-200 \ W 5‘000‘1« res¢ we“'b |00 m to ll;ﬂ‘\ Ror
‘ Sounds Jrom entmy ships s O no' were been
heard. Th an evmasime movk to 2scape Lepth
C-lﬂhnac;, wt di¥e to 500m an ll make oW
Owt Yo Seo, Safe agaia, we rise +othe
Swrfnce,

]
-

—400

d. Two football players
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3. Can you give an interpretation to this position-versus-time x(m)
graph? If so, then do so. If not, why not?

There s o sensible Wnherpretmtion
becanse Tha graph requires the !
object to be in "r_n_a__o places atonck,

2.2 Uniform Motion

4. Sketch position-versus-time graphs for the following motions. Include appropriate numerical
scales along both axes. A small amount of computation may be necessary.
a. A parachutist opens her parachute at an altitude of 1500 m. She then descends slowly to
earth at a steady speed of 5 m/s. Start your graph as her parachute opens.

\ 500
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o0
Se0
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b. Trucker Bob starts the day 120 miles west of Denver. He drives east for 3 hours at a steady
60 miles/hour before stopping for his coffee break. Let Denver be located at x =0 mi and
assume that the x-axis points to the east.

(f.af"\ D" /
Ced)

Peavtr v * t(wrs)

-0

(West -{20 4

c¢. Quarterback Bill throws the ball to the right at a speed of 15 m/s. It is intercepted 45 m
away by Carlos, who is running to the left at 7.5 m/s. Carlos carries the ball 60 m to score.
Let x =0 m be the point where Bill throws the ball. Draw the graph for the football.
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5. The figure shows a position-versus-time graph for the motion of

objects A and B that are moving along the same axis.

a. At the instant z = 1 s, is the speed of A greater than, less than, or

equal to the speed of B? Explain.

-
i
w

At £=ls, the slope oF thaline Porft f’aj“““; o TP
Huon thaat For object B, Tharchre, object RS
Spucﬁ \S ﬁf‘bd‘er‘. (Both are ?os'-‘h‘u slepu-)

b. Do objects A and B ever have the same speed? If so, at what time or times? Explain.
No the s?uJ-s ore Atve— tha same. Eadn has & constmant
- Y & s aluroy s qrester,
gps_f.ﬂ (constmat Slo(e} ond Ks speedh s « )

6. Interpret the following position-versus-time graphs by writing a short “story” about what is
happening. Your stories should make specific references to the speeds of the moving objects,
which you can determine from the graphs. Assume that the motion takes place along a

horizontal line.

d.
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2.3 Instantaneous Velocity

7. Draw both a position-versus-time graph and a velocity-versus-time graph for an object that is
atrestatx =1 m.

X v
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Constast posifion Z o “Mta‘ﬁy

8. The figure shows the position-versus-time graphs for two objects, A x B
and B, that are moving along the same axis.

A
a. At the instant 7 = 1 s, is the speed of A greater than, less than, or
equal to the speed of B? Explain. X
As speed isqrester at t=(5. The slope o g i

the ‘hun.ﬁu\’i' 4o P'scurve at t=Is is smalles
Haon thae sfope of ks line,

b. Do objects A and B ever have the same speed? If so, at what time or times? Explain.
A and B have fha same s ?mé ot :\‘us‘r \ac",‘or-e. £=3s,

A+ that Tiwe, <l SlC'P'r- of the ‘h‘anﬁavﬁ- 4o te Curve re.{n-c.senhnj

5‘5 W‘-o“.e\f\ :5 e.o\vv-;‘ +o ‘Hm. S\,o'u g@ -’r{.‘_l{'M pgrmsgn‘f\qaﬁ‘

9. Below are six position-versus-time graphs. For each, draw the corresponding velocity-versus-
time graph directly below it. A vertical line drawn through both graphs should connect the
velocity v, at time ¢ with the position s at the same time . There are no numbers, but your
graphs should correctly indicate the relative speeds.

e e b.
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10. The figure shows a position-versus-time graph for a x C
moving object. At which lettered point or points: /__\
D
. . 1
a. Is the object moving the slowest? _B—_____ B/
E
b. Is the object moving the fastest? > -—;—/
c. Is the object at rest? _ﬂt__c_'_d.g.w ‘
d. Does the object have a constant 2. D
nonzero velocity? St
e. Is the object moving to the left? D

11. The figure shows a position-versus-time graph for a p 5
moving object. At which lettered point or points: \ X .
a. Is the object moving the fastest? > f\ :
1 D '
b. Is the object moving to the left? CD.E l k;
C | ’

c. Is the object speeding up?

d. Is the object slowing down? j_éu_
B

e. Is the object turning around?
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12. For each of the following motions, draw
* A motion diagram,
* A position-versus-time graph, and
* A velocity-versus-time graph.
a. A car starts from rest, steadily speeds up to 40 mph in 15 s, moves at a constant speed for
30 s, then comes to ahaltin 5 s.
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b. A rock is dropped from a bridge and steadily speeds up as it falls. It is moving at 30 m/s
when it hits the ground 3 s later. Think carefully about the signs.
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c. A pitcher winds up and throws a baseball with a speed of 40 m/s. One-half second later the
batter hits a line drive with a speed of 60 m/s. The ball is caught 1 s after it is hit. From
where you are sitting, the batter is to the right of the pitcher. Draw your motion diagram and
graph for the horizontal motion of the ball. o »
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13.

14,

15.

The figure shows six frames from the motion diagram 1 2 |3
of two moving cars, A and B.

=]
]
[ ]
[ ]
[ ]
= ]

a. Draw both a position-versus-time graph and a
velocity-versus-time graph. Show the motion of both
cars on each graph. Label them A and B.

i B
x

>R

0-1 1 0 t

b. Do the two cars ever have the same position at one instant of time?

If so, in which frame number (or numbers)? _&i‘fﬁ_

Draw a vertical line through your graphs of part a to indicate this instant of time.
c. Do the two cars ever have the same velocity at one instant of time?

If so, between which two frames? No

The figure shows six frames from the motion N 31 <
diagram of two moving cars, A and B. - . e ' .' .
a. Draw both a position-versus-time graph and a ! 4 s

velocity-versus-time graph. Show both cars on

each graph. Label them A and B.
1<

x = \
A

0- t 0

b. Do the two cars ever have the same position at one instant of time?
If so, in which frame number (or numbers)? Yes  at2andatl
Draw a vertical line through your graphs of part a to indicate this instant of time.

c. Do the two cars ever have the same velocity at one instant of time?

If so, between which two frames? M to $

You're driving along the highway at a steady speed of 60 mph when another car decides to
pass you. At the moment when the front of his car is exactly even with the front of your car,
and you turn your head to smile at him, do the two cars have equal velocities? Explain.

N()J "Ht\-owa\'\ ydn havt tle sams 'os:ﬁonml0n3 HM-"DM'Q‘, his M.loc-'c\'T §)

:
9 reatt” becanse he s ?.\ss'...\a YoM, T% Wis weloeshy Were no
"'H:-; <+ '?"I‘h\‘\‘ 0* YOUJ"COJ'.

3""&&‘\”, thea he woukok CLramin QNEA W
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2.4 Finding Position from Velocity

16. Below are shown four velocity-versus-time graphs. For each:
* Draw the corresponding position-versus-time graph.
* Give a written description of the motion. p
Assume that the motion takes place along a horizontal line and that x, = 0.

a. b.
:

\
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Y a"‘t"\:'&. “h‘k +ht wasan 3

“ XY ~

Si:bad- 22!- i :L‘Huvt\-a-, Peiat |

X r& ' o the same
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17. The figure shows the velocity-versus-time graph for a moving
object whose initial position is xo = 20 m. Find the object’s
position graphically, using the geometry of the graph, at the

ollowing times. Eiad. s weve, |
following times Ftﬂ.&tnnm area underthe ¢ N
a. At1=3s.

Uae tha rectangle mrkl-&y/'/- -? JEIIRIEIEN,
X (35) = X + Vx(o-3) (3s)

v (mis)

10

= 20m + 102 (3s) =(50m

/i

b.Atr=5s. Add tothe Fﬂuwm answer thae orea vaQ ~
This Greoa can lse Pound by a..d.climj‘t'h. rectangle Brom 35 o 4s and
'}/‘( ',{. Hint orea For the portion drom 4510 Ss. Or, "lm""‘l‘“ﬂp
X(55)= 50m + V¢ (3s-45)(1s) + é(\';[‘iﬂ % (5) (1)

= +4 ", +S2)(\s) = SOm HOMT]5m
c. Atr=7s. = S0m ¢ 10%% (15) +4 (lo%+53) SEReR
Add to the Pﬂv’@us onswer tae aren o FtHa L"_"_'

Trangle from 35 o b5 and subtract the arca . LS
of tHhe friangle From b3 o Ts. Theseareas are L$90) 4 2)().
So, X ('15) = b1.Sm + 2.5m —2A5u = ‘G'T.S'w

d. You should have found a simple relationship between your answers to parts b and c. Can
you explain this? What is the object doing?

D'-"-"'.Mj tThe Tima frem §s +o s, da ij‘c.g.*' s s‘odiv?guk‘-\'.
moving in Ha FXdirection Ror | sccond, thea speeding 4f
Jhite w0 VA tathae —X direchon o the Secondl-Second,
Becawse Ha accelemation s Comstant am-c& the Times c;r‘v-
Q,o\;-....\) Ha wmoTion (S SYMM&'\V;C . Tle o byect cetrmces 5

p-cH\ i ~everse, Time t-bs s ‘~+'-“"Mj Povaly
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2.5 Motion with Constant Acceleration

18, A car is traveling north. Can its acceleration vector ever point south? Explain.

Yes. The accelemmton yector will porat south hen the car s
s kouihb dowdn wlkile {"mdc.\iv\a nerth.

19. Give a specific example for each of the following situations. For each, provide:
* A description, and
* A motion diagram.
a. a,=0buty, #0. Tr-cu)dw\a at constunt velocity

e G P

5 % o o
&x0
b. v,=0buta, #0. _r“f“:ﬂla arouwnd
P o —Do . .
e o This perto® tine mstion diagrmm enly
, Shwwss Yx20, bwt Ok <O.
é*
c. v,<0Oanda,>0. s\ .,j..-\:cleul'\ wiale Mov;'\3 v e v\.l.a-\‘i'fv& direchon,
o

Vg V3 v J,
e
, A Y
20. Below are three velocity-versus-time graphs. For each:

* Draw the corresponding acceleration-versus-time graph.
* Draw a motion diagram below the graphs.

a b, C.

e, t, B o 4, &
| © 0 2D e
® 1705 | e e e

¢ ‘ ) turny
- "-"";’.-—". H{'_‘:é—-‘_d—-fl(——o(-&l Aarow
? =0 \ Bdep O=v ozo b "‘;
(C:) ‘to"’—#a—'ﬁ -El é—aﬂ"“—t}_
.—)‘—-).-—-i.—..._.._y‘_._..).__’._‘” .
t.:(.‘—.‘——"-_. .1___.‘__04__.‘_.2 hm“‘a?.uﬂt
> 0 & e«

o & & a & &

-
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21. Below are three acceleration-versus-time graphs. For each, draw the corresponding velocity-
versus-time graph. Assume that v, = 0.

d. ur b. d‘_ -t c‘ ?.(
0 . te '
n PR e—
O f
1] T
't 1 'tl.
TR i ks ¥ ]Jx
0 / i 0 : 0 t‘a t U t."
B t\t;

22. The figure below shows nine frames from the motion diagram of two cars. Both cars begin to
accelerate, with constant acceleration, in frame 4.

1 4 ) k T 3 9
AS L ] L ] L L ] L] ® ®
Be @ o o [ ] L ] L ] & L ]
! 4 -)"‘ b 1 , 9

a. Which car has the largest initial velocity? L The largest final velocity? B—
b. Which car has the largest acceleration after frame 4?7 How can you tell?
%) Bs acceleratio o must be gqrestes vo 30"'”"‘-‘\ swaller
initinl velocity Yo . larger fimal sedocity . Tha chmage 1

S Pacingy between Suwessive froames 1S Qreaterfor -E).
¢. Draw position, velocity, and acceleration graphs, showing the motion of both cars on each
graph. (Label them A and B.) This is a total of three graphs with two curves on each.

0n-

= : 30--\1:(\3

d. Do the cars ever have the same position at one instant of time? If so, in which frame? =2 =77
e. Do the two cars ever have the same velocity at one instant of time?

If so, identify the rwo frames between which this velocity occurs. S-e

Identify this instant on your graphs by drawing a vertical line through the graphs. et l'lMa-
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2.6 Free Fall

23. A ball is thrown straight up into the air. At each of the following instants, is the ball’s
acceleration g, —g, 0, < g, or > g?

a. Just after leaving your hand? -9
b. At the very top (maximum height}? _ =9
¢. Just before hitting the ground? -9

24. A rock is thrown (not dropped) straight down from a bridge into the river below.
a. Immediately after being released, is the magnitude of the rock’s acceleration greater than g,
less than g, or equal to g? Explain. The Ma*tm ot e cccelemton :dkll-l.
WM Rree Bl 15 cqual T g aT all times,
independiat of Theinitial velocity Tha
occelerathon ML‘ tells o tha ve """1
s \\Aﬂw\h-:-\h '

b. Immediately before hitting the water, is the magnitude of the rock’s acceleration greater
¥ 2 i
than g, less than g, or equal to g? Explain. e 5'“ la_ ottt accel o
is still g becans e ta rodels still ia

Qpnee Bll, The SP.u.sQ ¥ y‘i\crlﬁs?\a )
ot tha Same rate eachintnat, thatiy,

Yy Thae Same DV each secon&.

25. Alicia throws a red ball straight up into the air. releasing it with velocity vy. As she is throwing
it, you happen to pass by in an elevator that is rising with constant velocity vy. At the exact
instant Alicia releases her ball, you reach out of the elevator’s window (this is a very fancy
elevator!) and gently release a blue ball. Both balls are the same height above the ground at the
moment they are released.

a. Describe the motion of the two balls as Alicia sees them from the ground. In what ways are
the motion of the red ball and the blue ball the same or different”?

A\‘-‘:"\ 5¢es wno d Hereace tn tha nothoa ot Tutuwro balls
Botn 2low while Fistne than, at ideMen) hewhts, they

oS ‘oes';-\ R Sp-f.uﬂ “p ea Tlhtir ey own,
} v el@ustor |
ot e ved \oa l\,

:r‘eac\t\ HHeim ?Gﬂ-‘f-

Tha bl lonl| has the vaihal \..-.Pu.rar& M\ec}--!\.' °
which s Tha Sane @’ e wvachial \N.\oor\-?
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b. Describe the motion of the two balls as you see them from the moving elevator. In what
ways are the motion of the red ball and the blue ball the same or different?

YGUL see. Hher anstions as be\(u\s |&U\+t‘ca\’ Dot 50«\(5
Ore %k“lka autouy Lo you ot Mcreasine S‘Q{Leo(, wiity
com stant acce lernhion, -9 Frowm your pers pec'f‘uhe, betts
bolls  stact from rest and are in Preeiull,

c. Alicia sees a well-defined “top” of the motion where her red ball reaches a maximum height
and then starts to fall. Call the time of maximum height #;. As you watch from the elevator,
do you see anything distinctive or different about the red ball’s motion at time 11?7 If so, what?

Yo"‘ do V\d'l-.s{& Ow\\(“ﬂ'\;ﬂs A;'FPQ(?«\* ak!ﬂoc—({“ the \oalls’ w~otom at
ti, (Fl“om your ?U:S(A—Qt—'ﬁv‘e, both Lalls Cém‘h‘nv{, 4o f=ll JH-J“T
VJ\;“L\ tf\crce.sms 3P~e¢o(. ﬂ& {)"2&({ ae()ears *o oL &wa7 ‘PNM
you ot consfant \re(ocﬂy. At e tnctant ‘b“ the balls
happen to be w\om‘r\% Auay Fom yon atthe saw\eg(}{eoﬁasg«;“

d. Does the red ball “stop” at time #; when Alice sees it at the very top of its trajectory? As
part of answering this question, define what you mean by the word “stop.”

T4 one defines S‘\'DMMS s l/\cu):ns o M\oc,:-é., of 2ero, &£
OV\\Y for- om tmstant, then Alee sees the red. oall (and

thae Blue loall) ('S'\i:(“ ot the top o} ths *i*mou‘&oﬂ( Recause
He Jf,\oe_t-l7 obaerved ALP!.VVQ; wpon Wo‘os.».més noton,
Yo do not see the Lall ¢ stoy A any Ame  after ’H’“-Z

\9"‘3 i their moton .
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2.7 Motion on an Inclined Plane

26. A ball released from rest on an inclined plane accelerates down the plane at 2 m/s>. Complete
the table below showing the ball’s velocities at the times indicated. Do not use a calculator for
this; this is a reasoning question, not a calculation problem.

Time (s) Velocity (m/s)

0 0 TP we dehne wp the plane & e

1 " Pos?‘ﬁot direchion , than Ha velocies
2 _ﬁ arl ._lt y\eﬁa'b\fe .b

3 6"™s

4 3%

5 lo"ys

27. A bowling ball rolls along a level surface, then up a 30° slope, and finally exits onto another
level surface at a much slower speed.

5

]
Starts up Exits slope
slope
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b. Suppose that the ball’s initial speed is 5.0 m/s and its final speed is 1.0 m/s. Draw a pictorial
representation that you would use to determine the height 4 of the slope. Establish a
coordinate system, define all symbols, list known information, and identify desired
unknowns.

Note: Don’t actually solve the problem. Just draw the complete pictorial representation that
you would use as a first step in solving the problem.

Qs
K s"cvﬁ(tl

- > °
°
9o, Vos, b0
owWn
l;%:s-ﬁ(a‘tsiu'tok S\of‘-) F—"—jg(
'E‘ 20s h
©=3%0°
Vos 252
Vis =1 %
Qs ==q 516
Ds= Vsinb

2.8 Instantaneous Acceleration

28. Below are two acceleration-versus-time curves. For each, draw the corresponding velocity-
versus-time curve. Assume that v, = 0.

ad;. o






